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Introduction : 


In special relativity, different methods are known for deriving from the hypothesis of the invariance 
of the numerical speed of light (along with other hypotheses; see for example [1] p.76) : 
for two observers O and O' in uniform translation at a constant velocity v , the nature of the linear 
operator Mthat relates the coordinates X of a point P for Oand those X' for O' in spacetime is 
then characterized by ‘MGM = G, with G= (g(i4j)),1 <ij <4, where g(1, 1) =1 
and g(i,i) = -1 fori #1, and g(i,j) =0 fori #j: Mis named Lorentz transformation . 
Conversely, from this property of M, one can derive a velocity addition formula 
(see for example [1] p.68) and show that c is invariant : JOEY =c, for instance. 
142 
c 
It has long been shown that the d'Alembertian operator is invariant under an operator M that satisfies 
‘MGM =G (see for example [1]p.95) .Here, we show the reciprocal : 
the invariance of the d'Alembertian operator under an operator M twice continuously differentiable 
such as M(0) =0 implies that Mis linear and ‘MGM =G. 
Since the calculations are very lengthy, they were performed using Maple 12 software. 
The advantage of deriving from the invariance of the d'Alembertian operator 
is that it requires less hypotheses, than the derivation based on the invariance 
of the numerical speed of light. 
Another approach to the problem exists in [5]. 
Many other derivations of the operator M based on various hypotheses also exist; see [3 ]. 


; ; 1 ee ae a ; 
Notice : we can use (t, x, y, Z) instead of ( x’, x*, x’, x”) and vice — versa. 


Reminder: 

Definition : A real square matrix M of order n > 0 is called a Lorentz matrix if it satisfies ‘MGM =G, 
with G = (g(i,j)) where g(1, 1) =1, g(i, i) = -1 fori 41, and g(i,j) =0 fori Fj. 

Theorem : The set L of Lorentz matrices M of ordern > 1 forms a subgroup of GL, (fe) 

under matrix multiplication due to the following 4 properties : 

(1) Itis indeed a subset of GL, (ht) because det( ‘MGM ) =det(G) = -1= - (det(M) )? #0. 

(2) L ¥ @ because both Id and G are Lorentz matrices. 

(3) Let Mand N be two Lorentz matrices : since'(MN)G(MN) ='N(‘MGM)N=G, 

L is therefore closed under multiplication. 

S| ee ey ae 
(4) Since ‘MGM =G, we haveG=(‘M) GM _ (mM '\GM ) and L is closed under inversion. 
Corollary : If Mis a Lorentz matrix, then "M is also a Lorentz one , specifically :'MGM=G = MGM 
=G. 
-] e _ -1 s 
Since'MGM =G, we have (MGM) =G!=G=M 'G(™) , thus M : =G'MG, and 


‘M = GM "Gis a Lorentz matrix as product of matricesof Lorentz. 
We can notice : 


Ee Ea Be. | 4 SSH Hy 5 AN fe TG 
ifM= is a Lorentz matrix then M — = 
MY soy thy Tg 2g MNS op Ay 3 yg Ths gS Mg 3 
My, My, My 3 Ng 4 hg Mag Aggy. ING 


Consequences of (4) on the, coefficients of a matrix of Lorentz: 


my 1 my 2 
For example ifn =2 if M= MGM =G implique que 4 
M> | M> 2 
m m m m m m 
11 1, 2 41°21 42°22 Il O 
m m m m m m 0-1 
11° °2,1 1, 2° 2,2 21 2,2 
and if n=4: 
[ m —m2 —-m -m ,m m -m mM —-m mM -m mM mh om -mM mM -mh mM -HhH mM om Mm 
11 1,2 1,3 L4 11° 21 1,2 2,2 1,3 2,3 L424 41 31 1,2 3,2 1,3 3,3 14°34 11 41 
—m im -m m -m m | 
1,2 4,2 13 4,3 14° 4,4 
mm -m om = 5 —m2 —m2 —-m ,m —m —m —m, mom 
11° 21 1,2. 2,2 13 2,3 14°24 21 2,2 2,3 24 21 3,1 22 3,2 23° 33 24°34 21 41 
—m om -m m -m im 4, 
22 4,2 2,3 43 24 44 
mm mo —-m —m —-m mim —m —m —m > m2 —m2 —m2 —-m2 ,m 
1,1 3,1 1,2 3,2 13 3,3 14°34 21 3,1 2,2 3,2 2,3 3,3 24 3,4 3,1 3,2 3,3 34 3,1 41 


ae Dey cy —m m > m m —m m —m m —m m om m —m m —m 
’ ' HB 


[™ m —m m 
11 41 1,2. 4,2 , 3 L4 447 21 41 22 42 23 43 24° 44 


—m, m m2 —-m —-m —-m 
41 4,2 4,3 4,4 


6 0 0 =I 
and vice versa if the coefficients of the matrix M verify these relationships , 
the matrix Mis a Lorentz matrix. 


Differential calculus reminder : 


Subsequently, to simplify the writings, we will assume that the numerical speed of light c = 1. 

Let fbe a class C - function (twice continuously differentiable) with real values : (x') ;  ( (7); 
NS yg gs 
HN Gg: gg SND 

M= a constant matrix , X and X' such that X '= MX. 


Wty 7 My 9 Ig a hy 4 


My, Mey My3 My 4 


1 2 3 4 
m, 1X Fm, ,Xx Fm, 3x Fm, 4x 


1 2 3 4 
. mM, xX FM, .X FM, 3X FM, 4X 
We notice as X'=MX= 


1 2 3 4 
m; ;X Fm; 4x Fm; 3x FM; 4x 


1 2 3 4 
my, {x FM, 4X F My 3X F My 4X 


ax!“ 
we have ae =m, ,and (cf: [1 ]p.95 et[4])- 
4 4 
of (X’) Of(X')  ax'4 of (X’) 
ax? =) ax” gy 2 axe ab 
HF(X') 


ax” 


ar(x) 9a ( F(X) a { a(x’) Ga Of(X’) 
ax” ral Be wile gee 2, m0)" 2s ae gs: 
Because of (E): 
of(x' : of(x' a of(x' 
ri) ACSI ye PN a 02f(X) a Of (X"') 
F) 


»/GE) 


Let's evaluate now 


m “m : 
ae Ox” XS ax'’ ox” ob x? M124 ax’? Ox” Gb a,b 
O2f(X) —— 2f(X")——2f(X")— 2f (X") By a A(X ey a fx) 
- os = = mom - mom. 
ax? ax? ax? ax” a=le=1 Ox'c Ox'a G1 GT jy qg=Tc=1 Ax'c Ox'a Gi wi 


Nyy yg Tyg INT 4 

M7 Mo Mg ag 
Theorem : Let be M= amatrix , 

Nts. FIs go PAS sg MG 4 


M4, 7 My 2 My 3 My 4 


t’ t 

x x 
X'= MX, with X'= ; and X= 

y y 

z Zz 


Let fbe a class C@ function with real values : f: (t, X, y, Z) >f (bX Js Z) 
and [7 the operator : 


of of df of 
dt? dx? dy? = dz? 


Li: (£X)) > 


Ihexy2) Phbxys) Thbxyys Ifbx%y2) 
ke O(f\(6% ¥ 2) = 2 Ee 2 = 2 sas 2 
Or Ox oy Oz 


t’ t 


x 
fV(tx%4 2) VfEC:O(feM) (tx%y, 2) =O(f) (th x5y52") with =M 
J 


then M isa Lorentz matrix and conversely. 
This condition can be rewritten as : 
F(feM)Gxuyz) F(feM) (4x2) 


F(feM)iGxy2) F(feM)(Gxy%2) 


at? ° ax? ° ay? ? az” 
Hfieyxsysz) AF fityxsysz) I Kltxsysze) OH fle xh yhz9 
7 ot? ~ ax"? ~ ay"? ~ az"? 
Proof: 
[I] First method : 
We use Maple 12'commands to evaluate : 
02 g2 02 02 
fe ge re a eerneaanry - gg Lies 599 2) ‘ 
m m m m 


m m m m 
2,1 22 23 24 x 
restart: ¢ ‘= (4%, 2%) > th = M>(M{1], M[2], M[3], ML41) = 
m m m m y 
3,1 3,2 3,3 3,4 
m m m m ‘ 
4,1 4,2 4,3 4,4 
02 02 02 02 
= simplify S(M(8(G XY Z))) | - SW (6 X Ys 2))) | - SW (6 % Ys 2))) | - SME (6 XY; 2))) 
Ot Ot Ox Ox Oy oy Oz 0% 


a= algsubs(m, ;t FM, xX tm, 3°y tm, 4° 2=t, A): 

b= algsubs(my 1° ttm, ,xXtm,3;-ytmy , ‘Z=Xy A): 

c= algsubs(m3 , ttm;,-x+m3;3-ytm3 4 ‘Z=Yy b) : 

el := algsubs (my ttm, X FM, VtMy 4 2=Z, c) : 

R =el: 

fori from 1 to 4 do 

forj from 1 to4do 

R= collect( R, D, (Ff) (t, Xy Vy zy) ) 2 

end do 

end do: 

R; 

(-mi, 3 — my, 4 — m4» Hm 1) Dy gS) (49 Xp Mp Zp) F (2 M3 gy 4 —2 Mz 2M, y —2 Mz 3M, 3 
#2 ms my 1) Ds Af) (ty Xp Yip Bp) # (m3, 1 — 4 — 5, 3 — 3 2) Ds 5(P) (ty Xp Yp %) 
+ (2m, 1m, | —2m,,m),, —2m, 3m), ; —2my, 4M), 4) D, (f) (fy) Xp Vp z,) 


2 
+ (2m; ;m,,—2m;,m,,—2m; ,m, ,—2m; ;m, ;) Dy 3(f) (tyXp Vy %,) F ( “Mm, 3 4 


2 


iit, 7 — Mz 4 — M2 2 


2 2. 2 2 
— 2m ym, 2) Dy WS) (ty Xp Vy Bp) # (My 2 — My, 3 — My, HM, 1) Dy WS) (ty Xp Ip %) 


2 


2 


) D, of) (ty Xp Vy z,) = (2m, mj | 2m, 4m, 4—2m, 3m, ; 


+ (2m, , mj, | —2my, 4m, 4—2m, 3m, ; —2my,,m;, >) D, o{f) (49 Xp Vp Zp) F ( 
“2m; ;m,;—2m; ,m,,—2m; ,m,,+2m; ,m, ;) Dy 3(P) (Xp Vy %) 
We use ty Xy Vy 2, instead of t',x', y', z' because of Maple12 :"' "is considered as a derivation . 
As D; j =D. ;their multiplying factors are gathered together. 


thew py. ye PE BO, BE), OND 


2 2 2 2 
ax! ax? ax? ax? 


2 —m2 —m2 —m2 = = — 
aa eas Ee ae) Df) (oP pol al : ne mae a ee ae a 4 ee ae m3,2 m, ,) Dg (po (1) 


-m2 2 —m2 —m2 )D t,xX,y, -2 -2 2 -2 D t, 
#( eae sete ie m2) 33 (Gy if z,) +( m2 2 Mogae ire ee ms, ,) SS 
X32) + (-2m m  —-2m  m_ _4+2m m_ —-2m 
Pp oD 3,2 2,2 3, 2,3 3, 


—m2 BS Cay Ss 
} 35" 2, 152 ie aria eal ee es ve 


2,3 21 22 
m2 \D t,x z +(-2m m -—-2m m 42m m -2m m )» t,x z +(-2m m 
3,4) oe gte 3) 42 1,2 43 1,3 41° 11 44 1,4 oe ae =) 22 12 


—-2m m +2m m -2m m \p t,x #+¢-m +m —-m -m D t,x +( 
23° 1,3 21 41 24° 1,4 12d (% on G) br ae ae a 1D (B fetar| 


-—2m  m —-2m m -2m m +4+2m Mm D t,x z 
cy ae Be 33° 1,3 34 1,4 31° 11 LS: oop ») 


As & (foM) (6x, 32) & (feM) (6x, y2) & (feM) (6x32) & (foM) (6x y2) 


ar’ ax’ ay? az? 

2 2 2. 2 

Ofti x5 y5 2") Oft, x5 y5z') Of(t, x5 yz" Ofit, x55 2) 

Or? ax"? ay"? az"? 
2 2 2 
Ffiesxsysz) AF fithxsysz) A fieyxhysc) Hf xhbyhz" 
then R — a 5 - - - r =0. 
or? Ox’ oy! Oc! 


= (m2 m2 m2 m2 +1\D t,x +(-2m m +4+2m m -2m m -2m _m |p t,x 
> ( 41 4,2 4,3 44 ) a 3 ®) 33 43 31° 41 34 4,4 3,2 4,2 5 AD (tp 9%) 


wa tm —-m2 —m2 ay Dy, D (tox, »2)+(-2m m -2m m 42m m -2m m \> (A (ty x, 4 
3,3 3,1 3,4 3,2 3,3 Pop Pp Pp 42 2,2 43 2,3 41° 21 44 2,4) 2,4 Pop’? 

+(-2m m  -—-2m m 42m m -2m m Jp t,x +(-m2 4+m2 -m2 -m2 +1)D t,x 
z) 32. 2,2 33° 23 31° 21 34° 24 3 (f ee) ( 2,3 21 2,2 24 ) Pulte P 
yp) +(-2m m -2m m 42m m -2m m )p (A (t,x 9,2) +(-2 m —-2m  m 42mm 
PP 42 1,2 43 1,3 41° 11 44 1,4) 1,4 Popp Pp 2,2 1,2 23 1,3 21 11 


—2m Mm D t,x +(-m2 +m —-m2 -m —-1\D t,x +(-2m m —-2m em 
24 Py ee a) aa Tae ne Me 1) PPG e qa° te 33° ba 


—2 m, \ m, j +2 Bs m,,) Bt ova z,) =0. 


' , 


Let's consider now only the functions f, : (4 X; Y; Z) ~+ ; f-u, Ft-x-u,t+t- yu; +t Zu, 


1 1 
+ a “x? -U, FX YU bX Zu, t+ > yg PY Sy Fs 2 Ung where u= (Up 419) U; 


2 2 
Ek. 
For these functions we have: 
Dy (fi) =p Dy, 2( Sy) Fierce Dy (fu) ="10 


Dis a sum of 10 terms, each being the product of a factor D, jl Sf) (ty Xy Vy z,) and a polynomial 


ales 


We can rewrite & as the scalar product of two vectors of size 10 : 


Z1= t,x,y ssdstaseey Dal f) (lg Xs Va e 
IfD;; [PrP (ty e an DME a:  %) " (Mr a 0) 


Z2 is composed of the terms in m, ,, written such that 5='Z2.Z1 


i,j’ 
. The functions f, defined above satisfy : 
0 _ 0 0a 0 0a _ 
9 2 tule ve %) Pay at axIul *p Ip %) 2 G4 Gy bully Xp Mp %) Us 


0 0 0 0a 
Ot dz (Xp In %) Mar 2 Sule Xe Ip) Ys Gx Gy Sully Xp Ip %) Mor 
Given 10 reals (4;) 1 <i <1from the above there exists at least one function f, of class C? such that 


Z1 ="[Up oseney Uy] SO_S="Z2.21 = 0 for all u then Z2 =0. 


Returning to M, remembering that : 


m2 —m2 —-m —-nm ,m m -m mo —-m mi -m om om mM —mM om Km om me om om Mm 
11 1,2 1,3 14 11° 21 1,2 2,2 1,3 2,3 14°24 11 3,1 1,2 3,2 1,3 3,3 14°38 11 41 
—-m mi -m m -m 
1,2 4,2 1,3 4,3 14 4,4 
mm -m om — —m > m2 —-m2 —m2 —-m2 ,m —m —m —m mm imsem 
110 21 12 2,2 13. 23 14.24 21 2,2 2,3 24 21 31 22 32 23: 38 24 34 21 41 


—m om ym? —m2 —m2 —m |] 
3, 4,4 4,1 4,2 4,3 4,4 
1 0 0 0 
0 -1 
Sle i <a characterizes a Lorentz matrix, as Z2 = 0 we conclude that M is a Lorentz matrix. 
0 0 0-1 
[IT] Second method : 


We start from the formula proved in the reminder of differential calculation : 


Ox Ox a=Ic=1 Ox'° i a=1 c=1 Ox" 
a,i- 
To do the calculation with Maple 12 we have the commands : 
D T,X ,V5Z D T,X 5V5Z D 1,X5V5Z D T,X V5 
my mo m3 M4 iP P oe P 2 P fe P 3) P tif P a) P Pac P 
sas 35 a3 ee Pi # a *y yy +, DW * if fi %, D, # 7 ~ yy 5, ee Sp a % fs ‘, 
M:= am 
Mer Mag Mag a4 D (fAltsx,y,z | D Pit,x,y,z2) D Alt,x,y,z2 | D, (f\ltsx,y5z 
1,3 P pp p 2,3 P pp p 3,3 P pp p 3,4 P pp p 
m m m m 
41 4,2 4,3 44 D Sd) EX Vz D S) T,X VV 5% D Sf) T,X 5V5Zz D Sf) T,X V5 
1,4 P pp p 2,4 P pp p 3,4 P pp p 4,4 P pp p 


fork from 1 to 4 do 
XI :=0: 
forifrom 1 to4 do 
forj from 1 to4 do 
XI = X1 + Flj,i)-M[j,k|-M[ik]: 
end do; 
end do; 


4 4 44 4 
02f (X") 02f (X") 02f(X"')  d2f(X") a Of(X") a Of (X’) 
2 2207 ax? ° axl => > ox" m1 My Oe De De age 


X[k] -= XI: 

end do: 

XI :=X{[I1): 

fork from 2 to 4 do 

XI := X1-X{[k]; 

end do: 

X71; 

forifrom 1 to4do 

forj from 1 to4do 

X1 := collect(X1, F{j,i]) : 

end do: end do: 

X71; 

We obtain: 

2 2 2 2 
(mig) — mig 3 — my 2 — My 4) Dy GP) (ty Xp Vy %) + (-2 tg 3g 3 —2my 2m; + 2m, ,m; , 
2 2 2 y: 
— Zang m3 4) Ds Pf) (Sy Xp Ip Zp) A (3, 4 — 3, 2 FM 1 — M3, 3) Dy 3S) (ty Xp Ip» Zp) 
+t ( -2 M4 My » + 2M, My | —2 My 3M ; —2 my 4M 4) D, 4{f) (ty Xp Vp zy) 
+ (2 mz , mM, 1 —2mz 3m, 3—2m3 ~m, ,—2m3 mM, 5) Dy 3(f) (Gy Xp Vp %) 
F (2m, ,m, | 2m, 4m, ,—2my, zm, ; —2my, ,m, >) D, of) (Y ie z,) 
“2m; 4m, ,+2m;,m,,—2m; ;m, ; —2m; ,m, >) D, 3(P) (ty Xy Vp 5 >) 
2 2 2 2 2 
— my — M3, 4) Dy 1S) (ty Xp pp) F (-my, g — Mm, 3s — M7, 2 Fm, 1) Dy 1S) (ty Xp Ip %) 
+ (-2m, 3m, ; —2m,,m,,—2m, ,m, ,+2m, ,m, ,) D, {f) (ty os zy) 
We find the same calculated result in the first part and we finish in the same way. 


4+ 


( 
2 
+ (mi, — Mm; 3 


The reciprocal is obvious : 
As previously , 


gic x5 y' 2’) oy SUES X55 ores (t,x5y52') — ar iiisiyse 
= (m4, — mi, ; — my,» —m%, 4) D, ,(f) (fy Xp Vp 2) + (-2m, 3m; ; —2m,,m;, + 2m, ,m; | 
—2mmg gms, 4) Ds GF) (ty Xp Np Sp) (Mg 4 — G2 FM 1 — MG 5) Ds 3) (fy Xp Yp %) 
+ (-2m,,m,,+2m, Mm, ,—2m, 3m, ;—2m, 4m 4) Dy PL) (tyXpIy%) 
+ (2m; ;m,,—2m; ;m,;—2m; ,m, ,—2m; ,m, ») Dy 3(f) (Xp Vy %) 


F (2m, , mM), —2m, mM, ,—2m, 3m, 3 —2m, ,m, >) D, Af) (YxXpVpy%) F ( 
2 2 
“2m; 4m, ,+2m; ,m,,—2m; ,m, ;—2m; ,m, >) D, If) (ty Xp %) + (m1 a oe 
2 2 y 2 2 2 
=i 3 —my 4) Dy If) (4 Xp Ip 2) F ( ag 3 +m, ;) Dy (Pf) (ty Xp Vp %) 


t ( “2m, 3m, ; —2m,,m, >, —2m, 4m, 4 +2m, ,m, ,) D, 4h) (4 Xp Vy 2) 
_ PF (KINZ) OF (WN) (KW) OF (ESV) 
ar” dx’? dy!” dz! 
if Mis a matrix of Lorentz. 


Numerical examples: 


-2 1 O 
-I I sd 
a 
j2 |i -11 
010 
I O 
) 0 -] 0 
MGM" = 
0 O -!1 
0 0 O 
1000 
0100 
IMM= 
0010 
ete 
hig(t, x,y Z))s 


as J7 2 
1 i 
3 f2xty J22z 
f= 
02 
A= sins | 
Ot Ot 


02 


ad 
=] 
vi 
1 


9S =(E4%)72)> 


eg en 


SN G(6 GY, 2) | 


, IM := GM”“1G, IM= 


1 0 0 0 

0-1 O O 
1G = 

0 0-1 O 

0 0 O 


x 


M. th-=M>(M[1], 


1 


a 


1 0 
Wy) 0 -] 
*“T GM = 
00 0-1 
I 
ye “Gat: -yye <e 
1 1 1 
“a3 V2 ZV? -7V? ZV? 
I 1 
0 ca E2 7 2 0 


1 1 1 
(2 tty J2x*xt+7 f2 9-7 


(4X, y, Z) y-x° 4+3-f 4x1 Fx-y +2 + sin(x): 


Mt2], M{3], M[4]) ¢ 


I 1 
V229 J2 1-7 


02 02 02 
S(A(g(t x, Ys 2))) | - SMG (bx Ys 2))) | = SEG XY 2))) | Is 
Ox ax dy oy 4 % 
1 
6-6x2-12x7-672-3 [2 t+3 [2 x-3 [2 2-+3 [2 jedi 2 es 2 2x- z [Zyt>D 2 [2 r;) 
02 02 ade 
= SG % Ys 2) | - (6X YZ) | - SG%Y 2) | Is 
Ox dx dy dy dz Oz 


B= sini S(6 XY 2) 
Ot 


6 +6x +sin(x) —127 
If you replaces by *, pmeateiiens 


64+6- 


simplify(%); 


1 
6-6x2-12xz7z-62-3 [2 On renee eee J? t- 


: ZT ey Paty fF eng Ft -7 
en oo ror 


1 


1 1 1 
(2 tty f2 «+7 f2 9-7 


ca) 


I I I 
V2 *-7 V7 It [3] 


1 
J2x+y f7y 


Case : Mis not linear: 


Now we assume only that Mis an operator twice continuously differentiable such that 
M(0, 0) = (0, 0) we can prove that is matrix of Lorentz . 


To do this and to limit the length of the formulas we limit our proof ton=2. 
Hypothesis : 


Uy 


V (tx) VfEC:O(feM) (tx) =O (Sf) (t,x') with 


This condition can be rewritten as : 


21 ¢ Op oti ch 2 i op wi 
tie \iee 7 0 ees _ Ofit',x") = oft x wiih (t', x’) =M(t,x). 
Ot Ox Ot? Ox! 
Proof: 
As previously let's use Maple 12 with the commands : 
restart : 


h:=M M{1], M[{2]) ¢ 
> as 1) 02 


:= simplify| | —— f(h(M(t, x))) | - S(h(M(, x))) , 
Ot Ot 


=A: 
fori from 1 to 2 do 
forj from 1 to2 do 
Rs collect( R, D, (Ff) (M(x) > M(t x),)) : 


end do 
end do: 
R; 


Ox Ox 


We obtain : 
H(t x') _— Hf (thx)  & f(MU6 x) p M(bx)3) 2p (M(t x)» M(tx),) = 
IX 


0 7 0 2 0 
(+ M(4x),) ~( ge M(*)9) ) Pr, (M(x) pM(6x)2) +(2 (9 Mie 


x), (S. Miex),) =2 ($ Mex), (-$- Mtox)s)) By (M(t,x)» M(t, x)>) 


a a 2 
+(($ mex, = [ge Me™) Jr (M(t,x)p» M(tx)) +D,(f) (M(6x) 


Notice /D, Sf) =D, 1S) - 
Let's consider the functions f,, po the form ta plb x)=a-t+B-x wehave: 


gpa alte) pula nt x") =0,D, (fF, p) =O DiS, pg) ~% and D,( f,, 2) =B 
. Now we have : 
Cid tid Cid 
0-6 (Sy MIox),— 2 Mix), | ta (5 Mibx), 2p MGx),) VY aand Bp. 
Thus 
0 0 0 
ae le ao te ae ee 


Then( Wave equation) : 

M(t,x),=FI(t +x) + F2(t —x) et M(t,x),=Gl(t +x) #G2(t—x) (E) 
with arbitry functions F1, F2 , G1, G2 of class @ . 

If Mis a matrix ,for example : 


(1 +m; 7) (7, 1-7, 2) 


M(x), =m, ,t tm, ,x= 2 “(t#+x) F# 2 ‘(t—x). 
m,,~m m,,-m 
M(t, x))=m, ,t +m, x= ( => 22) +x) parm) gy 


Now if we restrict to the M(t, x) of the form above (E)we have: 


SS F(M(G%)p M(t x)>) 2 F(MUO x) p MU X)>) = 


Let's consider the functions f,, B yb x)= a at + Bt-x + ; yx’ : 


2 
We have: 
of, Ue) oa FOR aay 
or” aBRy’ ax” % Bye” 
20. MGs, MEA M(t,x) p M(t x) 
Or a, B y( rlp mm )2) ax? as By ( 2X) p 5 X)>) 


-{($ nen.) = (eas) r#(2($ mony] (Fae) 2 (em 


1) (Zmen,))s+((Luen,) -(Zuen,) }« 


Hence ; ; 
(aren) —( Sass) +1) 74 (2( Saran.) ($ aso) -2( 2 me 
2) (Se muen))a+((F mae) -(Laan) —1e-0 rear 

Conclusion : 


(2 mex),) -(2mes),) =1, 


© Mx), © wiex), - * Mex), * Mix), =0. 
Ot Ot ox ox 


As M(t,x),=FI(t +x) + F2(t —x) et M(hx),=GI(t +x) +G2(t—x) ; 
0 2 0 2 

(gp MU*)1) ~ (4, Me»,) =4 FI'(t +x) -F2'(t—x), 

and 
a 2 @ 2 

(3 Mex)2) - [Ge Mio.) =4GI"(t +x) -G2"t—x) . 


Notice : When Mis linear, 


m +-m m, ,-m 

4FI'(t +x) -F2'(t —x) =4- ( ae 1.2) . ( a 1.2) =m, ~My, » 
m,,+#Am m,,-m 

461 +x) 62! (t—x) =4-4 ers 22) a 22) =m, ,—m, 


M(tx);) (5, Mtx),) — (= mix),) (+ Mix),) 


i) 
(a (F1(t #x) +F2(t—x)) | [5p (GH Fe) +62(¢—x))] 


d a 
2 le (FI(t +x) +F2(¢—x)) | (Zo (GIe tx) +628 —x))) ; 
IX 
t-— 


Ox 
=2 (FI'(t #x)G2'(t —x) + F2'(t —x) G1'(t #x)) 


Notice : When Mis linear, 

2, (M7, 1 +m, >) (#2, 1- Mz 7) Fi (1, 7-7, 2) (M2 1 + My >) ) 
2 2 2 2 

= ty BD gp ING GING 9° 

We can conclude : 


M(tx); 


As M(t, x) can be written as M(t,x) = = 
M(x), 


FI(t +x) +F2(t —x) 
GI(t +x) + G2(t —x) 
where F1, F2, G1 et G2 are arbitraryC — functions with the conditions : 

4FI"(t #x)-F2'(t—x)=1, (1) 

4GI1"(t #x)-G2'(t—x)=-1 (2) 

FI'(t #x)G2"(t —x) #4 F2"(t —x) GI'(t #x) =0 .(3) 


| 


Ifin (1)and (2)we put t=x and t=-x we can see FI‘, F2', GI’ et G2' are constant, 


then F1, F2, G1 et G2 are affinities . 
If M(0, 0) = (0, 0) Mis linear and a matrix of Lorentz . 


Notice: 
Why MGM = Gis the key point ? 
That comes from chain rule : 


| 1 2 4 
m1 Fut, 4x +m, x TH, GX 


1 2 3 4 
m, x Fut, x F Mt, x Fm, 4x 


ee v1 2 4 
m; x Fmt, 4x +m, x7 Fmt, 4x 
v1 2 4 
m, 1 Fm, 4X tm, 7 +m, x 
ra : 
we have ; =m, ,and (cf: [1 ]p.95 et[4]) - 
IX 
4 j : 4 ; 
Of (X") yo aS es om 
aoe? = Ox” ac? Ox" a,b 
hen LORD - FX , 9X) 4, 9X) 9X) 
= m —_— m —_— m ——m,., 
ax? dx! 1b 0x? 2,6 0x3 3,b ox" 4,b 


0 


0 


0 


that implies : 


0 

Ox 

0 

I 0 0 0 
B ’ Ed if (X") 

ax! ax’ ax? Ox 0 0 -1 0 d 
0 0 0 -1 ax 

0 

Ox 
m m m m 


a 6 @ @ 4| ™, m,, mom 


a ’ ’ ’ ’ 
Ox'l ? Ox'2? Ox'3’? Ox'4 Hi = Hi _ 


i 


if Mis a matrix of Lorentz : 


ax” axl?” ax'3’ ax'4 


x’) 


ne ns na i A ms We ls Pe 
. I 0 0 0 I 0 0 0 

m m m m m m m m 
2,1 2,2 2,3 24 0 -i1 0 0 2,1 2,2 2,3 2,4 0 -l1 0 0 

= and then: 

m m m m 0 0 -1 0 m m m m 0 0 -1 0 

3,1 3,2 3,3 3,4 3,1 3,2 3,3 3,4 
0 0 0 -1 0 0 0 -1 

m m m m m 

4,1 4,2 4,3 4,4 4,1 4,2 4,3 4,4 


TAX) OFX) FX) GFK) _ HK) — THK) FFX) FFX) 


2 2 es 2 2 ia 
ax? ax? ax! ax!” ax’? ax'4 
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